The basic features and multi-dimensional instability of electrostatic (EA) solitary waves propagating in an ultra-relativistic degenerate dense magnetized plasma (containing inertia-less electrons, inertia-less positrons, and inertial ions) have been theoretically investigated by reductive perturbation method and small-perturbation expansion technique. The Zakharov-Kuznetsov (ZK) equation has been derived, and its numerical solutions for some special cases have been analyzed to identify the basic features (viz. amplitude, width, instability, etc.) of these electrostatic solitary structures. The implications of our results in some compact astrophysical objects, particularly white dwarfs and neutron stars, are briefly discussed.
Introduction
Recently, there has been a great deal of interest in understanding the basic properties of matter under extreme conditions [1] [2] [3] [4] [5] [6] [7] , There are many interstellar compact objects, such as white dwarfs and neutron stars), where matters ex-ist in extreme conditions [1] [2] [3] [4] [5] [6] [7] not found in terrestrial environments. One of the extreme conditions found in these objects is a high density of degenerate matter. These compact objects are relics of stars which have ceased burning thermonuclear fuel and therefore no longer generate thermal pressure. These interstellar compact objects have significantly contracted, and as a result the density of their interiors becomes high enough to provide nonthermal pressure via degenerate fermion/electron pressure and particle-particle interactions. The observational evidence and theoretical analysis imply that these compact objects, which support themselves against gravitational collapse by cold degenerate fermion/electron pressure, are of two categories. The interior of the first category is close to a dense solid (ion lattice surrounded by degenerate electrons, and possibly other heavy particles or dust). One of the examples of this kind of stars is a white dwarf, which is supported by the pressure of degenerate electrons. The interior of the second category is close to a giant atomic nucleus: a mixture of interacting nucleons and electrons, and possibly other heavy elementary particles and condensates or dust. One example of this kind of stars is a neutron star, which is supported by the pressure due to a combination of nucleon degeneracy and nuclear interactions. These unique states (extreme conditions) of matter occur by significant compression of the interstellar medium. The degenerate plasma number density in such a compact object is so high (e.g. the degenerate plasma number density can be of the order of 10 30 cm
and 10 36 cm
or more in white dwarfs and neutron stars respectively) that the electron Fermi energy is comparable to the electron mass energy and the electron speed is comparable to the speed of light in vacuum [1] [2] [3] [4] .
The equation of state for degenerate electrons in such interstellar compact objects were mathematically explained by Chandrasekhar [5] [6] [7] for two limits, namely nonrelativistic and ultra-relativistic limits. The degenerate electron equation of state of Chandrasekhar is P ∝ N 5/3 for non-relativistic limit and P ∝ N 4/3 for ultrarelativistic limit, where P is the degenerate electron pressure and N is the degenerate electron number density. We note that the degenerate electron pressure depends only on the electron number density, but not on the electron temperature. These interstellar compact objects, therefore, provide us cosmic laboratories for studying the properties of the medium (matter), as well as waves and instabilities [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] in such a medium at extremely high densities (degenerate state) for which quantum as well as relativistic effects become important [22, 23] . The quantum effects on linear [11-16, 18, 19, 21] and nonlinear [17, 20] propagation of electrostatic and electro-magnetic waves have been investigated by using the quantum hydrodynamic (QHD) model [21, 23] , which is an extension of classical fluid model in a plasma, and by using the quantum magneto-hydrodynamic (QMHD) model [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , which involve spin-1 2 and one-fluid MHD equations.
Recently a number of theoretical investigations have also been made of the nonlinear propagation of electrostatic waves in degenerate quantum plasma by a number of authors, e.g. Hass [24] , Misra and Samanta [25] , etc. These investigations are, however, based on the electron equation of state P ∝ N 5/3 , which is valid for the non-relativistic limit. Very recently, Mamun and Shukla [26, 27] have considered an unmagnetized ultra-relativistic degenerate dense plasma containing cold ion fluid and ultra-relativistic electrons and have studied the basic features of the solitary structure. It has been known that the effects of obliqueness and external magnetic field, which have not been considered in the work of Mamun and Shukla [26, 27] , drastically modify the properties of obliquely propagating electrostatic solitary structures [27] [28] [29] . Therefore, in our present work, we consider an ultra-relativistic degenerate dense plasma in the presence of an external static magnetic field and study the obliquely propagating electrostatic solitary structures in such an ultra-relativistic degenerate dense magnetized plasma.
To the best of our knowledge no investigation has been made of the nonlinear propagation of the electrostatic waves in such a degenerate dense electron-positron-ion plasma based on equation of state P ∝ N 4/3 [where, P represents the degenerate electron (positron) pressure P (P ) and N represents the degenerate electron (positron) number density N (N )] which is valid in the ultra-relativistic limit. Therefore, in our present work, we consider an inertial ultra-cold ion fluid and ultrarelativistic degenerate ultra-cold inertia less electronpositron fluid following the equation of state P ∝ N 4/3 , and study the basic features of the arbitrary amplitude solitary waves (SWs) in such an ultra-relativistic degenerate dense plasma. In this work we derive the ZakharovKuznetsov (ZK) Equation [30] by reductive perturbation method and solution [31] of ZK equation. We also use small-perturbation expansion technique for instability analysis.
The manuscript is organized as follows: The basic equations governing the magnetized multi-ion dusty plasma system are given in Sec. 2. The Zakharov-Kuznetsov (ZK) equation is derived by employing a reductive perturbation method in Sec. 3. The stationary solitary wave solution of ZK equation and its basic features are studied in Sec. 4. The instability criterion is analyzed in Sec. 5. Finally, a brief discussion is presented in Sec. 6.
Basic equations
We consider the nonlinear propagation of electrostatic perturbation in an ultra-relativistic degenerate dense plasma (containing ultra-relativistic degenerate ultra-cold inertia less electron-positron fluid and inertial ultra-cold ion fluid) in the presence of an external static magnetic field B 0 acting along the z-direction (B 0 =ˆ B 0 ), wherê is the unit vector along the z-direction. The electron and positron fluid is assumed to follow the equation of state P ∝ N 4/3 . We assume that the magnetic field is very strong and electrons and positrons are moving along the magnetic field direction so fast that the electron and positron response are the same as that in the unmagnetized plasma. The nonlinear dynamics (equation of continuity for ion fluid, equation of momentum for ion, electron and positron, and Poisson's equation) of the electrostatic waves propagating in such an ultra-relativistic degenerate plasma is governed by
where is the ion number density normalized by its equilibrium value 0 , is the ion fluid speed normalized by C = ( 2 / ) 1/2 with ( and ) being the rest mass of species (positron and electron respectively), being the ion rest mass, being the speed of light in vacuum, ψ is the electrostatic wave potential normalized by 2 / with being the magnitude of the charge of an electron, where, C 0 is the integration constant. Since at equilibrium = 1 and ψ = 0, we have C 0 = 3β. Thus we can express and as
Derivation of ZK equation
We now follow the reductive perturbation technique and construct a weakly nonlinear theory for the electrostatic waves with a small but finite-amplitude, which leads to a scaling of the independent variables through the stretched coordinates [32] [33] [34] [35] [36] [37] [38] 
where is a small parameter measuring the weakness of the dispersion and V is the unknown wave phase speed (to be determined later). It may be noted here that X, Y, and Z are all normalized by the Debye radius (λ ), τ is normalized by the ion plasma period (ω −1 ), and V is normalized by the ion-acoustic speed (C ). We can now expand the perturbed quantities about their equilibrium values in powers of as [32] [33] [34] [35] [36] [37] [38] 
We now use the stretched coordinates and (7)- (11) in (1)- (4), and develop equations in various powers of . To the lowest order in , i.e. equating the coefficients of 3/2 from the continuity and momentum equation, one can obtain the first-order continuity equation, and the x-, y-, and z-components of the momentum equation as
(
(1)
and equating the coefficients of from Poisson's equation, we get
Using the value of (1) from (13) into (16), we get the linear dispersion relation
To the next higher order of , i.e. equating the coefficients of 2 , we can express x-and y-components of the momentum equation, and Poisson's equation as
Again, following the same procedure, one can obtain the next higher order continuity equation and z-component of momentum equation as
Now, using (12) - (21), we can readily obtain
where
The Equation (22) is known as the Zakharov-Kuznetsov (ZK) equation or the Korteweg-de Vries (K-dV) equation in three dimensions.
SW solution of the ZK equation
To study the properties of the solitary waves propagating in a direction making an angle δ with the Z-axis, i.e. with the external magnetic field and lying in the (Z-X) plane, we first rotate the coordinate axes (X, Z) through an angle δ, keeping the Y-axis fixed. Thus, we transform our independent variables to
Using the transformation we get,
This transformation of these independent variables allows us to write the ZK equation in the form AD cos δ
We now look for a steady state solution of this ZK equation in the form
where = ξ − U 0T and =T , in which U 0 is a constant speed normalized by the ion-acoustic speed (C ). Using this transformation, we get Therefore, from (27), we can write 
Now, using the appropriate boundary conditions, viz., we can write
after integrating and rearranging
the solitary wave solution is given by
where ψ = 3U 0 /δ 1 is the amplitude and κ = √ U 0 /4δ 2 is the inverse of the width (∆) of the solitary waves. It is clear from (17) , (23) , and (28) that as A > 0, B > 0, the solitary waves will be associated with positive potential (ψ > 0). Therefore, there exists solitary waves associated with positive potential. Figure 1 and Figure 2 show the variation of the amplitude of the positive solitary potential (ψ > 0). Amplitude increases with decreasing positron number density and increasing propagating angle with magnetic field (Figure 1 ) and also increases with increasing degenerate plasma number density (Figure 2 ). 
Instability analysis
We now study the instability of the obliquely propagating solitary waves, discussed in the previous section, by the method of small-perturbation expansion [32] [33] [34] [35] [36] [37] [38] . We first assume that
where ψ 0 is defined by (35) , and for a long-wavelength plane wave perturbation in a direction with direction cosines ( ζ η ξ ), φ is given by
in which 2 ζ + 2 η + 2 ξ = 1, and for small , ( ) and ω can be expanded as
Now, substituting (36) into (27) , and linearizing with respect to ψ, we can express the linearized ZK equation in the form
Now substituting (36) into ZK equation and linearizing with respect to ψ we can express the linear ZK equation
Our main object is to find ω 1 by solving the zeroth-, first-, and second-order equations obtained from (37)-(41). Equating the co-efficient of 0 for zeroth order equation, we get
the zeroth-order equation can be written, after integration, as
where C is an integration constant. It is clear from (32) that the homogeneous part of this equation has two linearly independent solutions, namely
Therefore, the general solution of this zeroth-order equation can be written as
where C 1 and C 2 are two integration constants, and δ 2 is defined by (28) . Now, evaluating all integrals, the general solution of this zeroth-order equation, for 0 not tending to ±∞ as → ±∞, can finally be simplified to
The first-order equation, i.e. the equation with terms linear in , obtained from (37)-(41) and (46), can be expressed as after integration, first-order equation becomes
where K is another integration constant, and α 1 and β 1 are given by
Now, following the same procedure, the general solution of this first-order equation, for 1 not tending to ±∞ as → ±∞, can be written as
The second-order equation, i.e. the equation with terms involving 2 , obtained from (40) after substituting (37)-(39), can be written as Now, substituting the expressions for 0 and 1 given by (46) and (50), respectively, and then performing the integration, we arrive at the following dispersion relation:
where Figures 5, 6 show the variation of the parametric regimes which play important roles for the instability of the solitary waves. Figures 5, 6 indicate that for the parameters above the surface, the solitary waves become unstable. Figure 5 represents the S = 0 surface plot showing the variation of ω with δ and η for ζ = 0 5 and also Figure 6 represents the S = 0 surface plot showing the variation of ω with η and ζ for δ = 5
• . According to these figures we found that ion-cyclotron frequency (for which the solitary waves become unstable) increases with direction of propagation that makes an angle δ with Z-direction. And also ion-cyclotron frequency decreases (increases) with η ( ζ ). If this instability criterion S > 0 is satisfied, the growth rate Γ = (Υ − Ω 2 ) 1/2 of the unstable perturbation of these solitary waves is given by
The Equation (60) 
Discussion
We have studied EA solitary waves associated with both positive potential, containing ultra-relativistic degenerate ultra-cold inertia less electron-positron fluid and inertial ultra-cold ion fluid in the presence of an external static magnetic field by the reductive perturbation method. We have then analyzed their multi-dimensional instability by the small-perturbation expansion method. The results can be summarized as follows: ). It may also be mentioned that as δ → 90
• , the width goes to zero, and the amplitude goes to ∞. It is likely that, for large angles, the assumption that the waves are electrostatic is no longer valid, and we should look for fully electromagnetic structures.
4. The magnitude of the external magnetic field B 0 has no direct effect on the SW amplitude. However, it does have a direct effect on the width of the SWs and we have found that, as the magnitude of B 0 increases, the width of the waves decreases, i.e. the magnetic field makes the solitary structures more spiky.
5. The parametric regimes for which the solitary waves become stable and unstable are identified. These are ion cyclotron frequency, direction of propagation and direction cosine.
6. Direction of propagation, ion cyclotron frequency and direction cosine ( ζ and η ) are the depending factors which can significantly modify the growth rate (Γ) of the unstable solitary structures.
7. These results may be useful for understanding the localized electrostatic disturbances in astrophysical compact object, particularly in white dwarfs and neutron stars.
The ranges of the plasma parameters for astrophysical compact objects like white dwarfs and neutron stars are very wide. The plasma parameters for white dwarfs and neutron stars are shown in Table I . The plasma parameters used in our present theoretical analysis correspond to white dwarfs. However, our present theoretical analysis can be applied to neutron stars. Therefore, our present results may be useful for understanding the localized electrostatic disturbance in astrophysical compact objects, particularly, in white dwarf and neutron stars. It may be mentioned here that we have used a reductive perturbation method and small-perturbation expansion that are valid for small but finite-amplitude solitary waves and long-wavelength perturbation modes. Since in many astrophysical situations there are extremely large-amplitude solitary waves and short-wavelength perturbation modes, we propose to develop a more exact theory for instability analysis of arbitrary-amplitude solitary waves and arbitrary-wavelength perturbation modes, through a generalization of our present work to such waves and modes.
